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NORMAL FLOW BOUNDARY CONDITIONS IN 3D
CIRCULATION MODELS
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SUMMARY

The problem of enforcing normal transport conditions on 3D velocity fields is considered in the context of ‘wave
equation’ finite element models. A procedure for strong enforcement of the transport constraint is given. The
procedure is identical for Neumann (transport known) and Dirichlet (pressure known) problems, which are
treated reversibly. All local mass and force balance relations are retained in the FEM system. A global mass
conservation property is proven for the general 3D, discrete-time case. Examples demonstrate the quality of the
solutions and the practicality of the approach.© 1997 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Use of the finite element method for estuarine and coastal circulation studies has grown significantly
in recent years. Practical 3D problems are now being solved on large, unstructured meshes using both
harmonic-in-time and more general time-stepping approaches. The combination of advanced
turbulence closure, tidal time resolution and variable spatial resolution (both horizontally and
vertically) provides a new, comprehensive simulation capability for these important environmental
systems. (For recent reviews see References 1 and 2. References 3 and 4 provide state-of-the-art
collections.)

As in other areas of fluid mechanics, boundary conditions continue to be a focus of concern, even
for 2D problems. Recent BC contributions in the FEM coastal context include those of Westerink et
al.,’ who examined the role of BCs in the generation of spurious modes, Johnsen and Lynch,®’ who
developed radiation BCs, and Kolar et al.,8 whose focus is similar to ours (see below).

In the present paper we examine the implementation of normal flow (Neumann) conditions in the
3D context. We specifically focus on the “Wave Equation’ form of the 3D shallow water equations, as
developed in 3D by Lynch and Werner®'® and Lynch e al.*'' for implementation on simple C°
elements. Our objective is to achieve a workable approach with the following properties:
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1186 D. R. LYNCH AND M. J. HOLBOKE

(a) global mass conservation

(b) normal transport enforced strongly on the velocity solution at the boundary

(c) reversibility among Dirichlet (specified pressure) and Neumann (specified normal transport)
problems.

Item (a) we take as a self-evident goal. Item (b) implies that boundary transports which appear in
mass balance relationships will in fact be properties of the velocity solution. Item (c) addresses the
equivalence between discrete solutions of the Dirichlet and Neumann problems and effectively
demands that both problems be governed by an identical set of boundary constraints.

These issues were examined previously'? in a simpler 2D, harmonic-in-time context. In that study,
mass conservation was proven and a strong, reversible procedure demonstrated which eliminated
O(h) errors in conventional velocity solutions. Comparisons with an analytic solution confirmed that
accuracy was upgraded from O(h) to O(h2). Kolar et al.® generally confirmed these findings in a 2D
time-stepping context, although the strong enforcement of Neumann conditions was not pursued. The
result was a velocity discontinuity at the boundary, with the velocity solution retaining the O(h) errors
and only weakly connected to the mass-conserving boundary fluxes.

We find here that it is possible to meet all three goals for the general 3D time-stepping case; and
that doing so provides superior solutions. We present a theoretical proof of the mass balance property,
a discussion of implementation issues and idealized test cases which demonstrate the quality and
reversibility of the solutions. We also include a practical example wherein an awkward boundary
condition problem is addressed. Throughout we focus on a hydrostatic, Boussinesq fluid; thus wave
propagation occurs in the horizontal only and volume and mass conservation are synonymous.

2. MASS BALANCE RELATIONS
2.1. Continuous-time domain

We first establish a basic conservation property of the weighted residual method used in
conjunction with the wave equation. The basic idea is that of Lynch;'? here we develop it further in
the general context of 3D time domain solutions.

We begin with the continuity equation in 3D:

Vov= %, (1)
and its vertical integral
oH ¢
E#—ny- hvdz:r, 2)

where v(x, y, z, ) is the fluid velocity, {(x, y, ) is the free surface elevation, /(x, y) is the bathymetric
depth, H(x,y,t) is the total fluid depth H =h+{,o/p is the volumetric source rate (fluid
volume/time/unit volume) and r is the vertically integrated source term fih (o/p) dz plus net
precipitation at the free surface. The essence of the wave equation formulation is to use the time
derivative of (2) to compute H:

PH oH 9 ¢ 9
Gt Ve [(5“") I, de] = (+o)r ®
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NORMAL FLOW BOUNDARY CONDITIONS 1187

with 7, a numerical constant.* The weak form of (3) of interest here is the weighted residual with test
function ¢;,

(o)) o [Gro) v fGoonse{ G o

where (,) is the inner product notation (domain integration); 95 ds is the related line integral
enclosing the domain; and ¢ is the normal component of transport across the boundary, directed out
of the domain. Here it is convenient to introduce the boundary transport integral Q; and to re-express

(4:
0 = ff gebs ds, 5)

2 ¢
(o) fie)-{oor [Goo) [ ve e Greo={Gro)o) @

We require that the test functions be C° continuous on the domain and in addition have the
property > ¢; = 1, and therefore Y V¢, = 0, everywhere. Summing all the equations (6), we obtain
the basic global mass balance

P Golfen(Gony)

We introduce the following simple notation: S = (H) is the total mass in the system,
0 =Y 0, = §qds is the rate of mass efflux from the system, R = (r) is the rate of mass creation
within the system and / = dS/df 4+ O — R is the system-wide mass imbalance. In these terms, (7)
becomes

d/
a + T()[ = 0, (8)
[ =Ie™". 9)

Clearly, the analytic solution has / = 0 always and the weak form (6) will have this property provided
that 7 is initially zero, i.e. the initial conditions are in balance. If not, then the imbalance will be
eliminated at the rate t,. Round-off error accumulated in the mass balance will be removed at the
same rate.

This mass balance is valid for any quadrature approximation to the integrals { ) and ¢ ds provided
that all terms of the weighted residual are evaluated with the same quadrature in any given element.
The specific quadrature used defines the integrations of the global quantities S, O, R and /.

Implementation of these ideas in 2D, harmonic-in-time circulation models is described in
Reference 12 and corroborated in other applications (e.g. References 13 and 14).

1. Neumann conditions. Here ¢q is know a priori. The Neumann data are inserted directly into the
boundary integral in (6), supporting the solution for H. The same data are used as a strong
constraint on the velocity, i.e. ﬁh v -1 dz is specified.

2. Dirichlet conditions. Here g is unknown a priori, but H is known. The reduced system of
weighted residuals is solved for H in the conventional way; then the ‘neglected” WR equations
are used to compute the boundary integrals (d/9d¢ 4 7,)Q;, which is then used to constrain the
velocity exactly as in the Neumann problem.

*The momentum equation is eventually substituted for the divergence term in (3), but that will not matter here.
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1188 D. R. LYNCH AND M. J. HOLBOKE

In this way we achieve perfect reversibility between Neumann and Dirichlet problems, since the
same relations are used in both cases, and retain in either case the global mass balance*.

The relations among the boundary quantities (Q, ¢) and the domain solution v need to be clearly
defined if the mass balance (8) is to be useful. With v expanded in the horizontal basis

¢, v(x, p, 2, 1) = Y vi(z, P;(x, y), we have
0= J dez'§ﬁ¢j¢ids (10)
—h

or equivalently, with N;; = ¢ fig;¢; ds,

{
Ql:ZJ vjd‘Z.Nlj' (11)
—h
Throughout the preceding 3D model development™*'® we have routinely used quadrature points
located at the nodes of simple linear elements, which has the effect of lumping mass matrices such as
the one defining Nj; here. With nodal quadrature, equation (10) reduces to the simple form

¢ {
Qi:Ni'J vidz=Asl-ﬁi-J v, dz, (12)
—h —h
with N; = [As;n; + As,n,] the quadrature approximation to Nj. Its unit vector f; is the ‘nodal
normal’; its magnitude As; is an effective local boundary segment. These quantities are illustrated in
Figure 1(a) for simple linear elements. The nodal normal so defined has been widely used since the
early FEM investigations.'*>'®
It is important to note that for a straight boundary, 1, is unambiguous and As; is simply one-half of
the sum of adjacent boundary element lengths. Discretized boundary curvature effectively shortens
As; as in Figure 1(a), and the nodal normal favours the longer adjacent boundary element.
The constraint on velocity is simply equation (12) in reverse:

{
h - dz==L =g, 13
R (13)

Figure 1. Nodal normal n; and boundary segment As;: (a) common boundary with curvature; (b) corner

*The ‘conventional’ implementation of Dirichlet boundary conditions (4 known), wherein the local weighted residual
equations are not enforced, loses the property Y ¢; = 1 and therefore the mass balance is compromised.
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NORMAL FLOW BOUNDARY CONDITIONS 1189

whereby ¢;, the nodal transport, is defined. At a corner, as illustrated in Figure 1(b), we have the
additional constraint

{
ﬁz'J v, dz =0. (14)
—h

This is enforced simultaneously with equation (13). Together they imply the equivalent pair of
constraints

{ Q
n, - v, dz = —, (15)
! th As,
{
ﬁz-J v, dz =0, (16)
—h

which is perhaps more appealing intuitively.

This general procedure is directly applicable to the 3D time domain case. What remain to be shown
are (a) a temporal discretization for the boundary transports and the resulting discrete-time mass
balance and (b) a method for constraining the 3D velocity field v,(z) with the 2D Neumann data g;.

2.2. Time domain discretization

The discrete-time form of (6) is obtained by conventional second-order finite difference
approximations. Introducing time levels £k — 1, k, and k£ + 1 separated by uniform A¢, we have

aH Hk-H _ Hk—l

H _HT —HT 17
ot 2At a7
82]_1 Hk+1 _ 2Hk _|_ka1
a2 AP (18)
or equivalently, using AH* = H¥ — H*=! (the change in storage over time step k),
OH  AHM! + AHF
z7 74_ (19)
ot 2At
*H AHM! — AHY
_an — AT (20)

- A2
Additionally, we introduce the boundary transport Qf‘ as a discrete representation of the total normal
transport over the time step £, i.e.

k

Ak = j 0, dr = AfeQ! + (1 — 0], @1)

k—1

and similarly for 7*. An appropriate discretization of the boundary flux in equation (6), centred at time
k, is

0 o -of O+ 0f
<& + T()) Qi — At + TO 2 . (22)
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1190 D. R. LYNCH AND M. J. HOLBOKE

(It is assumed that Q? is known or computable from the initial conditions. Recall that wave equation
algorithms require initial conditions at two time levels.)

Substitution of these difference expressions into (6) gives the complete discrete-time form of
equation (6):

1 [ AHMY  AHF AHMT  AHK 9 kg
(e (Mo o *E)¢f>‘<v¢f'[<a“°) Jh“’ZD

e+l Ak Aerl | Ak k1 =k —k —k
:_<Q[+ Qi+T0Qi+ +Qi>+<(1’ 17 +T0r+l+r>¢i>' 23)

At 2 At 2

Summing as above, we obtain the discrete-time mass balance

1 /ASKL  ASK ASFHT ASkK Qk+1 _ Qk Qk+1 + Qk Rk+1 _ Rk RE+1 +I_?k
- —— )+l 5t + 17 = + 1
At\ At At 2At - 2At At 2 At 2
(24)
where, as above, AtQ" is the total transport into the system during time step £, i.e.
_ k
AtQF = J 0 dt, (25)
k=1
and similarly for R¥. We introduce the discrete system mass imbalance, integrated over time step &,
I* = ASF + AtQF — AtRY, (26)
and (24) reduces to
il gk DAL
I —1 +T(1 +1) =0, 27
1 —15At/2
= ), 28
1+ 15At/2 (28)

Equation (28) is clearly a discrete-time form of (9), to which it converges in the limit of infinitesimal
At.* Tt has the analogous properties: mass imbalance introduced through either initial conditions or
round-off will decay unconditionally. In addition, we observe that the decay will be monotone for
7oAt < 2 and oscillatory (but stable) for larger time steps.

3. IMPLEMENTATION IN 3D

We introduce here the 3D momentum equation

v d v 1
—+f ——|(N—=)=—-—-VP+F 29
8t+ v Bz( 8z> p + 29)

1 —1,At/2

*Note that | —————
ote tha (l—i—roAt/Z

) = e A 4 O(1,Ar)’.
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NORMAL FLOW BOUNDARY CONDITIONS 1191
and its vertical boundary conditions

= HW, (30)

=0, (31)

where f is the Coriolis parameter, N is the eddy viscosity, and P is the pressure. Advective non-
linearities and horizontal viscous terms are assumed to be treated explicitly in a time step, included in
F. HW is the known atmospheric stress and K is a bottom slip coefficient linearized over the time
step. This system is solved as a 1D ODE for the function v,(z) at each horizontal node i.

The specific time discretization we employ has the linear terms centred in the time step and R
explicit. The average velocity over a time step, \‘/f-‘“, is defined for convenience as

k+1 k
k1 _Yi TV
Vi

=4 1 32
5 (32)
AVETT = v Yk — okttt vk, (33)
The discrete form of (29)—(31) is then
2 (. 9 2v, ko
4 fx——(N=) | = (==L +F,| —-VP, 34
arroa ()= (Rer) e &
a—lf-H
i | —Hw, 35)
0z 2=t
9 Skl
N=—K)Vi =0. (36)
Z z=—h

3.1. The Neumann problem

For the 2D equations the Neumann problem is trivial. The given Neumann data g are entered in the
boundary integral in (6) for H. The tangential portion of the momentum equation is enforced, with the
constraint Hv - n = g. The normal momentum equation is sacrificed in the process. Note that the
tangential velocity is also affected, since it is coupled to the normal velocity through the Coriolis
term.

In 3D we have the problem of enforcing g on the vertical integral of v. Because of the Coriolis
term, both normal and tangential force balances couple throughout the water column and a more
subtle approach is needed. We approach this problem by observing that the normal component of the
pressure gradient in (29) is imperfect, consisting of one-sided derivatives and lacking any direct
boundary condition information. We therefore correct the pressure gradient with an additional
normal-directed barotropic component, sufficient to produce the known normal transport:

1 1 A
—VP =—-VP, + on, 37
P P
where VP, is the ‘interior’, imperfect pressure gradient and o is to be determined. To do this, we solve
(34)—(36) twice: once as written, with o = 0, for the conventional or ‘interior’ velocity; and a second

‘exterior’ solution driven only by a unit barotropic pressure gradient normal to the boundary, with
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1192 D. R. LYNCH AND M. J. HOLBOKE

homogeneous boundary conditions. The two solutions are then superposed with enforcement of the
normal transport dictating the parameter o.

Equation (34) is solved for the internal solution \7{‘“:
2 9 9 v\

4 fx ——(N=) |V = (=4 F) ——VP,, 38
|:At i 82( Bz>i|vh At + cop (38)
subject to the boundary conditions (35) and (36). This is exactly the conventional velocity

calculation. The same linear operator applies to the external solution \'f’é“:

2 0 d

Z 4 fx——(N=) | = —a,, 39
|:At X 32( BZ>:|VE' B (39)

subject to homogeneous boundary conditions (i.e. equation (35) with HW¥ = 0 and equation (36)
which is already homogeneous). The complete solution is then

‘—,ff+l _ [‘—,{(—H +OC\_’]}%+1 N (40)

k+1
with o given by the requirement that n - jC , Vihdz =g

M1 _ g i 2 _ VY dz
o= |2 L @% )dz | (41)

1 wh+1

& ok
n- [ 2vgt dz

i

Two sequential solutions are thus required, using the same linear operator. Their superposition
according to (32), (40) and (41) completes the time step in the conventional way:

Vi = okt vk (42)

3.2. The Dirichlet problem

In this problem, g is not known a priori, rather H is known. Our approach is to deduce the
equivalent Neumann data and to enforce them on the velocity solution as described above. We solve
the system of wave equations (23) with the Dirichlet data enforced and the corresponding WR
equations removed. The boundary integrals

—k+1 —k —k+1 ~k
q; —d4; q; qi
B = As [+ + !
i S’( At ) >

are then evaluated with the unused WR equations (23), enabling extraction of éf-‘“. We then obtain

the transport at the end of the time step:
—k+1

L (1 — g)gk
C];{—H — q; ((e 6)qt ) (43)

The velocity calculation may proceed exactly as in the Neumann case. Effectively, we have identified
the equivalent Neumann data for the Dirichlet problem.

Note that equation (43) contains a homogeneous mode for the series qf-‘“ which will be unstable
for e < % We confirm this in practice. In the problems below we used ¢ = 0.53, which we have found

to be generally suitable.
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4. TEST PROBLEM 1

The first case is intended to demonstrate (a) the significant impact of the mass-conserving BC on the
velocity solution, relative to conventional practice, and (b) the reversibility of the Dirichlet and
Neumann problems. To do this, we use a simple rectangular domain (Figure 2). Typical of many
practical studies, there are extensive open-water boundaries and apparently simple boundary
conditions on pressure that support complex patterns of subtidal flow through an essentially open
system. We use large-amplitude tidal forcing here to enhance the subtidal motions through non-linear
tidal rectification.
The general parameters for this problem are as follows.

1. Depth decreases linearly from the coast to the offshore boundary, from 10 to 55 m.
2. Latitude is 43-5°.

3. Land boundary conditions are no normal flow throughout the vertical.

4. There is no wind forcing and the mass fields are homogeneous.

Dirichlet boundary conditions were imposed in terms of periodic (M2) plus residual elevation as in
Figure 7. The results are shown in Figures 3-5, after periodicity had been achieved. In Figure 3, a
time series of one period in length is shown of the vertically averaged velocity and gV{; - i at nodes 1
and 9 (see Figure 2 for location) for the simulation with the conventional formulation. In Figure 4 a
similar set of time series is shown for the mass-conserving simulation. Note in Figure 4 that o
(equation (37)) is also shown. In the node 1 and 9 plots a significant increase can be seen in the y-
direction velocity of the mass-conserving simulation. The x-direction velocity of node 1 is zero
because of the land boundary. The difference in node 9 of the x-direction velocity is caused by the
coupling of the x- and y-direction velocities through the Coriolis force. The plots of gV{; - i and «
show clearly that the conventional formulation has not captured the correct pressure gradient at the
boundary. In Figure 5, plots of the residual vertically averaged velocity for the two formulations are
shown. As expected the internal solution is not greatly changed, but closer to the boundary some

Shelf Mesh

S node 19
node 1 node 9

Figure 2. Shelf mesh—width 18 km, length 39 km, Ax = 2km, Ay=1km
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Node 1 Node 9

0 500 1000 0 500 1000

x10

~9&n

o = N W

-1 4
-2
—9Cn -2

0 500 1000 0 500 1000

Figure 3. Conventional formulation time series of one period: left panels, node 1; right panels, node 9; top panels, vertically
averaged velocity; bottom panels, gV{; - i

significant differences can be found. The mass-conserving formulation has at node 19 (see Figure 2
for location) an increase of 0-3072ms ' in the residual vertically averaged speed (refer to Figure 5).
In the M2 constituent the maximum increase was at node 1 with a value of 0-9190 m sec " (refer to

Figures 3 and 4).

Node 1 Node 9
=T 3
3 , N
/ N
2r —vx / N
: \
10 7Vy ! ;
/ \
0 7 g
-1 /
3 ,
Ve
-2 \'\‘ -
-3 -2
0 500 1000 0 500 1000
x10™
3
2
1
0
-1
-2 '\‘\ ‘/'
-3 =
0 500 1000 o} 500 1000

Figure 4. Mass-conserving formulation time series: convention same as Figure 3, but bottom panels also include o
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Figure 5. Residual vertically averaged velocity with Dirichlet boundary conditions: left panel, conventional formulation; right

panel, mass-conserving formulation

Neumann BCs were obtained as a periodic time series of g from the above solution. Interestingly,
these time series contained higher harmonics of the M2 constituent, as expected for a non-linear
simulation (see e.g. Figure 4). The time series ¢ was used to force a second solution, initialized from
the Dirichlet solution in periodic steady state. Results appear in Figures 6 and 7. The reversibility of

Node 1
a o~
/ s
2t —vyx ; N
: \
-V :
1 y // .
0 7 L
-1 /
| ,
_2 \.\‘ ) P
-3
0 500 1000

500

1000

Node 9

1000

500

1000

Figure 6. Mass-conserving formulations with Neumann boundary condition time series: convention same as Figure 4

© 1997 John Wiley & Sons, Ltd.
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1196 D. R. LYNCH AND M. J. HOLBOKE

the two approaches is demonstrated by the retrieval of the original Dirichlet solution on the boundary.
Figure 7 shows the recovery of the M2 and residual constituents; higher harmonics were negligible.
Further confirmation of the reversibility is the reproduction of the velocity and pressure gradient time
series—compare Figures 6 and 4.

Global mass balance for this simulation is demonstrated in Figure 8. Therein we display time series

for the two quantities
t {
JJCdxdy and J %J v-ndzdsd/
0 —h

and their difference, beginning from initial conditions (at rest) and continuing through one tidal
period. The mass balance is confirmed even in the presence of start-up ‘wiggles’.

In addition to its global property, the mass-conserving boundary condition generally provides
improved local solutions. To illustrate this, we have severed the mesh of Test problem 1 as shown in

M2 amplitude
T T T T T
0.5 ®
0.4} na % Dirichlet n" ]
® L]
3 ® 4
0.8 ® O Neumann .'
0.2F ] ] 4
] L
0.1 LRttt bbb bbb bt b PP R R R R R P T TR B
0 1 1 1 1 1
] 10 20 30 40 50 60
M2 phase
T T T T .
200 —Enmssmmﬁnm.!.
Uaim
150 “n,u' 4
- L™
*
100k Dirichlet -..u.m |
By
®
s0F © Neumann uﬂ“ﬁ.. .
L.
Wy
ot L L | | e aR R
0 10 20 30 40 50 60
Residual elevation
0.1 T T T T T
B
0.08 % Dirichlet o
0.06 - ® e
®
0.04- O Neumann - i
i L
0.02F g, - _
Elg ®
oF EELELEEELEE TGP EL PR PR R R R BT R ] e
Il 1 1 1 1
0 10 20 30 40 50 60
M4 amplitude
0.01 T T T T T
0.008 - N
*  Dirichlet
0.006 - J
0.004 F O Neumann B
0.002 -
o lesssreees 2% 2% R
] 10 20 30 40 50 60

Figure 7. Elevation boundary conditions used to force Dirichlet simulation, and boundary elevations obtained from Neumann
simulation. The two simulations are identical even in the physically unrealistic corner areas (e.g. nodes 9 and 10)
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x 10
5r -
ok Lo

\ ’/\/ ‘\\‘\

\\« ,’/ . .
N P Fluid Volume S
-5r NS 7 - — Cummulative Transport ]
NN, T — Sum

Figure 8. Comparison of | [{ dx dy and fé $ ji , V-1 dzds df for Test problem 1. The system is started from rest at #=0. The
first tidal period (1024 time steps) is plotted

x 10
R ' -
100 onds oo \
I AR T
iR RS
IR IR I R
0 5000 10000 15000

Figure 9. Illustration of cut in mesh of Test problem 1, along with tidally and vertically averaged velocities. This is the
prototype for evaluating the calculations shown in Figures 10 and 11

Figure 9 and simulated the same problem on the lower portion. Initial conditions were taken from the
large-mesh simulation once periodic steady state was reached; Dirichlet boundary conditions across
the top boundary were taken from the same solution. The resulting velocities are shown in Figures 10
and 11 for conventional and mass-conserving velocity calculations along the top boundary. The mass-
conserving calculation is clearly faithful to the prototype, with the flow entering smoothly along the
top boundary. The conventional boundary velocity calculations show a systematic veering relative to
the prototype. (In both cases, mass-conserving Dirichlet conditions are enforced on the other two
open boundaries.)

x 10°

100 cni/s

N
[
T
— e e e ]

261

— — — — <

&€& ZzZz|

b e & & <

) .

L
0 5000 10000 15000

Figure 10. Velocity obtained on truncated Test problem 1 mesh with mass-conserving Dirichlet conditions across top boundary.
The velocity is generally in agreement with the prototype, Figure 9
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X10 T T T T
AS: 1000535 :
BEERERERN
2.8 | \ l, \ \ \ \ _
26 S T VN N
LS SN W VR VR WA N
0 5000 10000 15000

Figure 11. Same as Figure 10, except conventional Dirichlet conditions are enforced across top boundary. The velocity solution
veers at the top boundary in comparison with Figure 9

5. TEST PROBLEM 2

The second case is inspired by a practical modelling problem we face in our Gulf of Maine studies”
(see Figure 12). In this case there is a significant computational cost associated with computing the
detailed local tidal resonance in the Bay of Fundy. The practical solution is to place an artificial
boundary across the Bay of Fundy and drive the system with observed tidal elevation. This is entirely
satisfactory for tides alone, but the subtidal motions associated with, for example, wind events would
be artificially constrained by the Dirichlet BCs on pressure.

From a physical perspective the boundary is effectively impermeable at subtidal time scales. For
example, in the following section we study a strong wind event lasting 60 h with elevation change of
order 20 cm in the bay. The neglected area shown in the mesh of Figure 21 is roughly 4 x 10° m?.
Total transport across the bay boundary would therefore be approximately 0-003 x 10® m® s~! during
such an event. This is negligible in the context of the seasonal mean circulation, wherein flows of
order 0-2 x 10°m?> s~! are circulating around the deeper portions of the bay included in the model."”
The desired BC would therefore be a mixed one: Dirichlet BCs for tidal response and homogeneous
Neumann BCs for the subtidal motions. Thus the unmodelled portion of the bay would resonate
properly with the tide and would present a no-flow boundary to the subtidal motions, with subtidal
pressure free to respond.*

In earlier studies using a harmonic-in-time mode separate calculations are made at tidal and
subtidal frequencies and therefore the mixed BC strategy is possible. In the time domain this option is
not available. Instead, we exploit the reversibility of the Neumann and Dirichlet BCs developed here.
The system is forced with periodic Neumann BCs (i.e. time-averaged normal transport equals zero),
with the Neumann data obtained from (and equivalent to) a Dirichlet simulation with tides alone.

To illustrate this, we use the idealized mesh shown in Figure 13. The tidal boundary conditions are
first approximated by a pure M2 Dirichlet condition across the bay boundary; typically this would be
obtained from field observations. The Dirichlet simulation was run until periodic steady state was
reached. The non-linearities created both higher harmonics and a small non-zero residual in the g-
signals. These were filtered to retain only the M2, M4 and M6 constituents for g. The Neumann
solution forced with these signals therefore did not match the original ‘correct’ Dirichlet solution
perfectly, so the process was reiterated with a fuller elevation spectrum—including a non-zero
residual elevation—for the Dirichlet problem. After two iterations a reasonable match was
obtained—Figures 14 and 15—and the periodic g-signal with zero mean as illustrated in Figure 15
was adopted as the tidal forcing. The resulting residual transport patterns are illustrated in Figure 16.

1,18,19

* Note that a conventional radiation condition here, whereby an infinite ocean is presumed outside of the domain, would be
inappropriate.
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Figure 13. Bay mesh—width 20km (at bottom) and 18 km (at top), length 39 km, Ax =2km, Ay=1km
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Figure 14. Dirichlet solution with residual elevation: vertically averaged velocity at nodes 381 and 411 (see Figure 13 for
location)
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Figure 15. Neumann solution with M6, M4 and M2 transport: vertically averged velocity at nodes 381 and 411 (see Figure 13
for location)

This tidal forcing was used to simulate the effect of a steady wind plus tides on this mesh. Dirichlet
conditions were used on the rest of the wet boundaries.* Results for the residual elevation appear in
Figure 18 and may be contrasted with those in Figure 17 which was computed with Dirichlet
conditions, i.e. with the residual pressure response clamped. The significant discrepancy between the
two responses illustrates the importance of the Neumann condition in this context, wherein it is
justified on physical grounds. In Figures 19 and 20 we show the residual transport along the bay
boundary for the Dirichlet and Neumann conditions respectively.

6. FIELD-SCALE SIMULATION

This idea has been implemented on a realistic Gulf of Maine mesh (Figure 21) for a transient wind
event. The wind forcing is taken from observed data for March 1986. (See Reference 20 for more
information.) The mass fields are a climatological representation of the March—April season and the
offshore boundary conditions are also seasonal. The Bay of Fundy cut is forced with the Dirichlet
condition and compared with the physically correct Neumann condition (obtained as described in
Test problem 2).

The main purpose of this case is to show aptitude in a realistic simulation under severe wind
forcing. The most illustrative quantities to compare are the moving average normal residual transport
and elevation at a node along the Bay of Fundy boundary (see Figure 21 for location). In Figure 22
these quantities are shown for both the Neumann and Dirichlet conditions, as well as the normal wind

* Residual elevation was zero on the eastern boundary and in approximate geostrophic balance on the southern boundary.
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stress at the node. The moving average is done to eliminate the tidal response and therefore the results
in Figure 22 show no net residual transport in the Neumann case and show constant elevation in the

Dirichlet case.
The effect of the boundary condition can be seen in Figures 23 and 24 for Dirichlet and Neumann

conditions respectively. In the Dirichlet case the 3D field is effectively flowing into an infinitely deep

\ [
0.0
0.05

" /

3
3
0.01
/-0.01——"’" —/w1

—0 0 ]

Figure 17. Residual elevation response with Dirichlet condition forced by tides and wind
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Figure 18. Residual elevation response with Neumann condition on bay forced by tides and wind
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Figure 20. Residual transport of upstream region with Neumann condition on bay

INT. J. NUMER. METH. FLUIDS, VOL. 25: 1185-1205 (1997) © 1997 John Wiley & Sons, Ltd.



NORMAL FLOW BOUNDARY CONDITIONS 1203

SRR
v“‘ NSO\
&
VAY: S o

a%
X

R

5
v,
P00
K20

LK

T
£

ORRRIERE KK
A AT DRI
2 RIS
() % VAVAVAR i Tavasne e A AN VAN
DAVAY N ISt a ATy
] i g it
RSP
PN

& ‘\"A
ay
S

&

o

ST NV

Vavg YA A

KON

i A AV |
s

K
o
s

K]

S

VAVav !
N
5 K

L
i
i
K

KX

el AN
%
03

Figure 21. G2S mesh—6756 nodes, 12,877 elements. The circle on the Bay of Fundy boundary is node 6721 in the next figures
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Figure 22. Moving average time series at node 6721. The normal direction convention is positive out of the domain and
negative into it. The x-axis is in hours and the averages are plotted at the end of the averaging period
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Surface Bottom

Figure 23. Residual velocity at surface (left) and bottom (right) with Dirichlet condition across cut; #=40-365h

Surface Bottom

Figure 24. Residual velocity at surface (left) and bottom (right) with Neumann condition across cut; =40-365 h. Note that v - i
is positive (outward) at the surface and negative at depth; its vertical average is zero

ocean instead of the small, bounded bay. However, in the Neumann case it is evident that the
circulation feels the presence of the enclosed bay and reacts accordingly with return flow at depth.

7. CONCLUSIONS
There are a few main points.

1. Equations (7), (8) and (24), (27) are global mass balance relations which govern all solutions
obtained with the procedures outlined. Solutions initially in balance will remain so; mass
imbalance is removed at the rate .

2. The equivalence of the Neumann and Dirichlet problems guarantees that the mass balance
relations pertain in either case, with the participating boundary transports matched to the normal
component of the velocity profile on the boundary according to equation (12) or (13).

3. The strong enforcement of normal transport on the 3D velocity solution is done not by
discarding momentum balances at the boundary but by correcting the interior pressure gradient
there. This fact is obscured in 2D analyses but clear in 3D. Equation (41) defining o is the key
relation.

4. The inference of the boundary transport along Dirichlet boundaries is given by equation (43).
This discretization requires & > % for stability.

5. Mass-conserving solutions obtained with these procedures are superior to their ‘conventional’
predecessors.
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